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SLOPE DEFLECTION EQUATIONS 
FOR CURVED MEMBERS 


By KEITH T. FOWLER,! JUN. ASCE 


SYNOPSIS 


The purpose of this paper is to illustrate a rapid method of determining the 
‘slope deflection equations for curved or haunched members through the use of 


the neutral point concept or the column analogy. A complete derivation and 


three examples are included. The equations obtained are valid for any de- 


flection or rotation confined to a single plane. No restriction is placed on the’ — 
applied loads as long as they lie in the plane. 


INTRODUCTION 


The determination of the slope deflection equations for curved or haunched 


- members is complicated by the fact that each structure requires a particular 
- equation—that is, no simple expression such as the equation for a straight 


member with a constant. moment of inertia is obtainable. The nature of the 
applied forces has no effect on the form of the equations. Through the use of, 


_ the neutral point concept or the column analogy it is possible to derive expres- 


sions which are perfectly general—the variables being computed in separate 
calculations. 
The method of analysis is intended primarily for structures similar to those 


- illustrated by Fig. 1. The limiting feature of this theory is that each elastic 


joint requires three simultaneous equations if it is free to deflect in two direc- 
tions and to rotate. . 

Notation—The following letter symbols are adopted for use in this paper 
and for the guidance of discussers: 


d = deflection terms in Eqs. 41 (special case) ; 
E = Young’s modulus of elasticity; 
H = horizontal reaction; Hrz = fixed-end reaction; 
I = rectangular moment of inertia of structural member; 
Norr.—Written comments are invited for publication; the last discussion should be submitted by 


August 1, 1950. 
1 Structural Engr., International Harvester Co., Chicago, Ill. 
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M = bending moment defined by appropriate subscript; Mrz = fixed-end 
moment; Maz represents the moment reaction at joint A of' 
member AB; 

s = distances measured along the neutral axis of a member; ds = small | 
increments of distance s; 
U = bending strain energy produced by generally applied forces 


M? ds 
= {er 

V = vertical reaction; Vrz = fixed-end reaction; 

X = the z-translation of an abutment; 

z = axis and abscissa distances about the neutral point or centroid of the 

analogous column; 
Y = the y-translation of an abutment; 
y = axis and ordinate distances about the neutral point or centroid of the 


analogous column; and 
@ = rotation of an abutment. 


Sage” 


(a) CONTINUOUS ARCHES 


(6) AIRCRAFT BULKHEADS 


wae 


(c) INDUSTRIAL BUILDING (d) INDUSTRIAL BUILDING 
Fig. 1.—Tyricat Structures 


The sign convention used is: 


(1) Deflections, horizontally to the right, vertically upward, and rota- 
tionally clockwise with regard to the reference axes, are positive; and 

(2) Force reactions, acting horizontally to the right and vertically upward, 
and clockwise moment reactions, are positive. 


GENERAL DESCRIPTION 


The basic principle involved in this method is the use of distortions of the - 
neutral point or centroid of the analogous column in expressing the moments, 
thrusts, and shears in terms of the joint displacements. Fig. 2 illustrates a 
structure incorporating the possible joint deflections and rotations. 

The procedure of analysis is as follows: 


(1) Divide the structure into the least possible number of individual units 
and compute the fixed-end reactions due to the applied forces by any convenient — 
method. In the structure illustrated by Fig. 1(c), members AB and CD would - 
be treated as single units; the same procedure would be applied to members AB 
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wh 
‘and BC in Fig. 1(d). All reactions must be expressed in agreement with the 
sign convention. 

(2) Assume a convenient direction for the reference axes.” The fixed-end 
Teactions must be parallel to the reference axes.. 


= 
Reference Axis 


Fig. 2.—Possrpte Joint DEFrLecTions AND RoTaTIONS 


(3) Compute the following terms for the centroidal reference axes of each 


‘unit (all reference axes being parallel): (a) =o = A; (0) = (y | = I;; 


ds ds 
ee = . — = 
(c) > (2 i) I,; and (d) > (ev g%) ee 
(4) Write the equations for the horizontal and vertical reactions, and the 


moment reactions at the ends of each member in terms of the fixed-end reactions 
and the unknown deflections and rotations. 


x 
Reference Axis 


| =¥, 2\ Principal Axis 


Fig. 3.—ReEactTions on A DreFroRMED STRUCTURE 


(5) Let, at each joint, ))M = 0, ~H =0, UV = 0. 

(6) Solve the required number of simultaneous equations for the unknown 
deflections and rotations at the various joints and substitute the values into 
the equations for the reactions acting on each member as obtained in step (4). 


The theoretical derivation of the equations involved in the foregoing steps, 
is arranged, for simplicity, in the Appendix. For example, equations for the 
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reactions on a deformed structure, incorporating Eqs. 26 to 34 in the Appendis 
are evolved as follows: Referring to Fig. 3— 


M, = Mrz + Mo — Aoyi + Vox 

M2 = Mrz — My + Hoy: — Vor 

Hy Hipp 4 Hoc ike e ved eee eee (1c): 

He = Hye — Ho ic yee ae (1d) 

Vi Vex t Vien. cite ek eee (le) 

ane Vom Ven iV 050s cei eee ek eo eae (if) 


The neutral point forces, in terms of the unknown deflections and rotations, are 
ds ds \| 
Vo= {(&i— x6, YitOs yo) b (2 YF a +(¥1—Y¥2t61%1—6222) =(v eo 


(EbA)leee)|-eGrs)))-¢ 


ee {(%1— XG ys tO) [=(#¥ - #) 


(felt) eos 


ee 


——| 
+ 
-7~o-~ 
2 
Ms 
w 
+t 
D> 
~ 
8 
>, 
| 
==) 

w 

= 

ww 

M 
rie 

“ 

ls 

~~ 


and 


The inelastic bracket always extends from point 1, Fig. 3, to the neutral point. 
In cases where the principal axes coincide with the reference axes, Eqs. 2 are 
greatly simplified since the expression >, (: y #) = I,, is equal to zero. 

In the column analogy concept, Eqs. 2 take the following forms: 


ae us W Mz 1, — MyIny M I, — Mz 1; ‘ 
ae ated {4 +| Te 1, = Un)? |u+| a Mere x } (a) 


an 2 W, [Mely— Mle My Ie — Mz Tey] : 
sa M,= Mra +{™ + | Meteo yt [Mere Mele) 2) 


M.1, — MyI, 

Ay, = Apr + | ya wre Mets | ig MOOD er Ne (3c) 
of Os We) pop aA a | 
Hi = Hre | Ci | toi eee (8d) 
iL. ail 

Vi = Vrz | 1. Touran | Sig tb cue 'e austel a eee (8e) 
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Va = Vea + | Mere Melon |,. Peete (3f) 
in which ° i . 
fe Wiles Coe Bie una) Se eNe an Ces (4a) 
a Mate oe X ge Or a alge. os bake tee ees (4b) 
and 

M, = Y2- Yi — 01:2; + 0222 SP arias eleva ta telr er en tue ave (4c) 


The results from either the neutral point method or the column analogy 
“method are identical. The neutral point method is used in the examples. 
No attempt is made to present examples which represent practicable structural 
designs or loadings. Three examples are included to illustrate the flexibility of 
the method and to show the treatment for special cases. The structures are 
assumed to be homogeneous, in which case H may be taken as equal to unity. 
The amounts of inertia of the various members are only relative. 


EXAMPLE A 
Example A is illustrated by Fig. 4, in which the three arches are identical. 
The calculation of the fixed-end reactions and of the constants for the structure 


1.00 Kips per Foot on 
Horizontal Projection 


Fie. 4.—Continvous IpenticaL Arcus 


is not a necessary part of this paper. Fig. 5 illustrates the dimensions of the 
arches, the centroid ordinates of the segment points being as follows: 


Point zx y 
Fen “Si eet cs pees Sag 219 5.7 
FOR aoe ad URE et Ca 6.5 5.1 
Sip eee IRN Medd 10.7 4.2 
. vp SW eR re eae to Ee 14.8 2.6 
Fey So AE 18.6 0.5 
RRR Me hood Bigs 21.9 93 
Fey Me OS OT 8 24.4 5S 
Cons ee sn eke gee RR 25.7 —10.0 


; In Example A, EZ = 1; ds/I = 1; and, by the formulas in step (3), A = 16; 
I, = 444.4; 1, = 4,922; and Iz, = 0. Fig. 6 illustrates the fixed-end reactions 


. 
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for the arch CD (step (1)). Example A has four unknowns—X zs, Xc, 92,, 
and 0¢. Vertical deflections do not enter the problem since member shortening | 


has been neglected. 
Arch AB.—Point A, Fig. 4, is designated as point 1. The values 04, Ya, , 
and Y,z are equal to zero. Substituting appropriate values in Eqs. 2, 


1.00 Kips per Foot on Horizontal Projection 


be {2 TE A 2 IH BE EE 
Reference Axis 
'7 9 3 and 
4 ‘ ee Axis 
—% 9 Way Boy eeu 2 


Hep= 
+21.83 Kips —21.83 Kips 


l-y Vep=+26.00 Kips Vipg= +26.00 Kips 


Fia@. 5.—Anrncu DIMENSIONS AND PROPERTIES Fia. 6.—Frxep-Enp Reactions on Anco CD 


ee Op xp aT OB (26.0) -) 
Vo .F 4922.6 0.00529 @z.......5 (5a) 
La? + 
Ho = ne XB + Op yp pS Car XB + 63 (—12.1) 
d 444.4 
=v) 
= —0.00225 Xz — 0.0272 Og. .(5b) 
and 
a OB « Oz 
My) = — —ds'— aay pone 0.0625 Opies =< act Sas (5c) 
I 


Then, from Eqs. 1, 


Mas = My — Ho (—12.1) + Vo (—26.0) = — 0.2535 0g — 0.0272 Xz. . (6a) 
Mpa = — Mo + Hy (—12.1) — Vo (26.0) = 0.5295 65 + 0.0272 Xz. ...(6b) 


[Haz = Hy = — 0.00225 Xp — 0.0272 Og. 00.2. -200ce (6c) 
Hyg = —'Hy = 0.00225 Xp + 0.0272 Op:z3..0. 00008 (6d) 
Vas = Vo = — 0.00529 Og..............0. 
ae 0 B ses (6e) 
Vaa*= = Vo ='0,00529 On: 2305s see eee (6f) 


Arch BC.—Point B, Fig. 4, is designated as point 1. Only the vertical | 
deflections Yg and Y¢ are equal to zero. From the same general equations 


used for arch AB, 
Pe 0p 2B — O0c2¢ re Oz (—26.0) — 0¢ (26.0) 
ds 4,922.6 

Le > 


= — 0.00529 62 — 0.00529 0¢. .(7a) 
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ty, = 22 — Xe = Oey + boye _ Xn — Xo — Op (—124) + Oc (= 12.1) 


F d ie 444.4 
=(v 7 ) 
j = 0.00225 Xp — 0.00225 Xo--+ 0.0272 05 — 0.0272 6c. . (7b) 
and 
Mo ae = Opie POG 0625-0 x -~ 0.0625 Cae sace (7c) 
8 16 
LUT 


From Kas. 1, 


Mac = Mo — Ao (—12.1) + Vo (—26.0) 
= 0.5295 On — 0.2535 0c + 0.0272 Xp — 0.0272 Xc.. (8a) 

Mcp = — My + Ho (—12.1) — Vo (26.0) 
= — 0.2535 0g + 0.5295 0¢ — 0.0272 Xz + 0.0272 Xc. . (8b) 


Hac = Ho = 0.00225 Xp — 0.00225 Xc¢ + 0.0272 02 — 0.0272 Oc. ...... (8c) 


Hep = — Ho = — 9.00225 Xp + 0.00225 X¢ — 0.0272 02 + 0.0272 6c. . (8d) 
Wah was Vig a 0.00520 Op — 0.00509 Boiss exauaen (Se) 

and 
Vee ='— Vo = 0.00529 65 -+ 0.00520 6c.32.vensc sess (Sf) 


Arch CD.—Arch CD, Fig. 4, contains fixed-end reactions which must be 
included in the equations. Referring to Fig. 6, Eqs. 2 (considering point C 


as point 1) yield 


6¢ xc 6c (—26.0) 


Vo = 0 Be = Soh OI = — 0.00529 Be: 2. ooo (9a) 
E(#7) 
Ties Xe = teu — Xo = bel = 174) _ 9.00225 Xe + 0.0272 Ac... (90) 
os (v #) 
and 
My = ace = oC Q.0e2h baie wt eee (9c) 
LUT 


a Hence, by Eqs. 1, 


TT) ee 


Mep = Mrz + Mo — Ho (—12.1) + Vo (—26.0) 


= 79.60 + 0.5295 0¢ + 0.0272 Xc. . (10a) 


Moco = Mrz — Mo + Ao (- —12.1) — Vo (26.0) 


= — 79.60 — 0.2535 0¢ — 0.0272 Xc. (100) 
Hep = Hrz + Ho 21.83 + 0.00225 Xe + 0.0272 focus lOc) 
Hoc = Hre — Ho = — 21.83 — 0.00225 Xc — 0.0272 0c.... (10d) 


ll 
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Veo = Vrz + Vo = 26.00 — 0.00529 Oc. ....:-..--- (10e): 
and ; 
Vic = Vex — Vo = 26.00 + 0.00529 86.24.84 (10f) 


Column BF.—The equations for a vertical column with one end pinned ‘are 
illustrated. by Fig. 16 in the Appendix. Therefore, from Eqs. 38, also in} the 
Appendix, 


Mgr = 3 (2,)( 9s s) = 0.3000 62 — 0.0150 Xz..... (11a) 


20 rhea 
Her = — wae = — 0.0150 6s + 0.00075 Xz..:....... (116) ) 
and é 
Arp = — Her = 0.0150 Op — 0.00075 XB Ae) bakeries (11¢) ) 


1.00 Kips per Foot on 
Horizontal Projection 


—61.14 
Ft-Kips 


+43.81 
Ft-Kips 


+87.95 Ft-Kips 


+93.87 Ft-Kips 
+0.51 Kips 


40.16 Kips 4-25.82 Kips 


Fie. 7.—Conciupine Steps, SoLutTion oF ExamMPpie A 


Column CE.—The reactions in terms of the joint deflections and rotations 

for a vertical fixed-end column are expressed by Eqs. 36 in the Appendix (refer 

to Fig. 15): 

' ; 
2 3X 

Mcr = 2 (2\(2 6c — Ze) dee 0.4000 6c — 0.0300 Xo... . (12a) 


2 ox 
Mac = 2 (2,)(0 me = = 0.2000 6¢ — 0.0300 Xc..... (12b) 


20 
M M 
pene “on ire = — 0.0300 0¢ + 0.0030 Xe::..... (12c) 
and , 
Hee = — Hex = 0.0300 0¢ — 0.0030 Xe::::........ (12d). 


Four unknowns are involved in the solution of Example A. The required 
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simultaneous equations are as follows: 


> Me = 0 = 1.3590 02 — 0.2535 Oc + 0.0394 Xp Shenk (18a) 


‘Ele = 0 = — 0.2535 03 + 1.4590 0c 
— 0.0272 Xp + 0.0244 Xe + 79.60. .(136) 


> Hp = 0 = 0.0394 62 — 0.0272 0¢ + 0.00525 Xz — 0.00225 Xc. .(18c) 


4 


He = 0 = — 0.0272 0p + 0.0244 8c 


— 0.00225 Xz + 0.0075 Xe + 21.83. .(13d) 


Solving Eqs. 13 simultaneously, 6s = — 33.25 counterclockwise; @¢ = 
— 29.62 counterclockwise; Xp = — 1,345 to the left; and Xc = — 3,328 to 


the left. The results obtained by substituting the computed deflections and 


rotations into the equations for the various joint reactions are illustrated 


by Fig. 7. 


EXAMPLE B 


The structure illustrated by Fig. 8 is sometimes encountered in modern 
aircraft design. Before analyzing the problem it is necessary to fix the struc- 


-ture in space by drawing axes 
through one of the joints. At the 
fixed joint the deflections and ro- 
tation are equal to zero; and, in this 
- example, XB = XA = OR = Vine 


. . —X 
_ The linear shortening of beam AB : = 
: < Applied Torque eference 
_ can be neglected; 80 the solution . “970 Ftp s 
to the example requires the deter- 10 Lb 


- mination of only 04 and Y4. Two 
- simultaneous equations will suffice 


for any type of loading on the 


structure. The three-celled fuse- | Fig. 8.—Examriz B 
lage bulkhead illustrated by Fig. 
- 1(b) would involve seven unknown quantities for any manner of loading. 


Fig. 9 illustrates the fixed-end reactions (step (1)) and the properties of the 


- individual units about their centroids. Assuming # = 1, the formulas in step 


(8) yield: A = 7.87; I, = 59.70; and J, = 119.20. Because the principal axes 


of each member are parallel to the reference axes, the term Da (: y of is zero 


in all cases. 


Upper Shell AB—From Eqs. 2, the neutral point forces, in terms of the 


_ joint rotations and deflections, are 


yy = rat bate _ Ya t 94-359) _ 0.00839 Yu — 0.0296 4... (140) 
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He = 0a Wa a0. 08N 008456 baer (14b) 
4s) 59.70 
Dy 7 a 
and 
25 Da Seon eae 14, 
Mo = ag Fe 737 0:1270: 00 Seki eG eeccrae ( c) 
LT 


Hence, from Eqs. 1, 


Map = — 21:13 + My — Ho (—5.03) + Vo (—3.58) 
= — 21.13 — 0.0296 Y4 + 0.6551 04. . (15a) ) 


—7.93 —21.13 
Ft-Lb Ft-Lb 


10 Lb 


(a) FIXED-END REACTIONS 


(5) ELASTIC PROPERTIES 
Fia. 9.—Srep 1, Examrpte B 


Mos 7.03 — Ma + He (8.03): Ve (3.53) 


= — 7.93 — 0.0296 Y4 — 0.4465 64... (150) 
Hy 5h 28.43. 1Hy = 18,43.» 0.08425 Oe ee (15c) 


Hypa = — 1.87 — Hy = —.1.57.— 0.08425 O40s:. sek (15d) 


Vas = — 0.88 + Vo = — 0.88 + 0.00839 Y4 — 0.0296 O04... .(15¢) 
and 

Vea = + 0.88 — Vo = 0.88 — 0.00839 Y4 + 0.0296 O4.....(15f) 
Lower Shell AB.—The neutral point forces and moment, from Eqs. 4, are 


Yat 0ata _Ya+ 0a (—3.538) 


Ore CM er ee Ake rae ay Ta On) Woes 


: ( ds 119.20 = 0.00839 Y4 — 0.0296 04. . (16a) 
A ts — 
I ) 
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—OaYya — 64 (5.03) 
H. SS Se i e”-C—C CCU sere 
0 i 59.70 = — (0.08425 O04::::..... (16) 
le me 
and 
? mee OA 64 ‘ 
Mo = <8, = 7.97 O1MO BA verre eee (16c) 
I 


Then (by Eqs. 1), 


Map = — 7.93 + Mo — Ho (5.03) + Vo (—3.53) 
= — 7.93 — 0.0296 Ya + 0.6551 64. . (17a) 


i = — 2118 — Mot Ho (5.03) — Vo-(3.52) 
= — 21.13 — 0.0296 Y4 — 0.4465 04... (170) 
Hagel (oe Hy = 1.57 — 0.08495 ae 45 ceva (17c) 
Hp aR Adve Ay = 8.43 4b -0,084 25044) aceatn (17d) 
se Van'= — 0.88 + Vo = — 0.88 + 0.00839 Yu — 0.0296 64... .(17e) 
_ Vea = 0.88 — Vo = 0.88 — 0.00839 Ya + 0.0296 O04.:....... (17f) 


—0.70 Lb +0.70 Lb 


—(—10.59+3.73) —1.42 Lb 
=6.86 Lb 
—(6.27+0.59) 
= —6.86 Lb 
$2.15 FtLb 


—70.70 Ft-Lb +1.42 Lb 
Applied Torque ST) ¥ 
pplie q 22.68 = Ft-Lb 
+3.73 Lb a) Ne e +6.27 Lb 


+0.70 Lb |g 10 Lb 


Fig. 10.—Conciupine Steps, SoLurION OF Exampie B 


Beam AB.—Eas. 35 (as illustrated by Fig. 15) supply the necessary relation- 
ships for the computation of / 


2 OPed 
Maps ee (2; )(20 cae _ = 1.131 04 — 0.240 Ya....(18a) 


12 CURVED MEMBERS We, Cah 8 a 
2 3 Ya) _ et | 
Mon = 2 (737) ( 04 - $44) 0.566 04 — 0.240 Ya::.... (180) 
Vise ( Mois =) = — 0.24004 + 0.068 Ya...... (18¢) 
and . 
Vien =— Vaz. = 0.24004: —'0.068 Vain Sore. be eee eee (18d) 
The conditions for equilibrium which supply the necessary simultaneous 
equations are: >} M4 = — 70.70 and )>V4 = 0. ° Also, )} Mp = 0; >> Va = 
and >}Ha +)>-Hz =0. Hence, 
> Ma = 0 = 2.4412 04 — 0.2992 Yu + 41.64........... (19a) 
and 
> Va = 0 = — 0.2992 04 + 0.08478 Ya — 1.76......... (196) 
Solving Eqs. 19 simultaneously 04 = — 25.59 and Y4 = — 69.45 (X4 = Xz 
= 0p = Ye = (0). 


Fig. 10 illustrates the reactions at the ends of the members produced by the 
applied forces. 


EXAMPLE C 


Fig. 11 illustrates Example C. The structure is conveniently subdivided 


into two frames and one column, as illustrated by Fig. 12(a). Hence, only the 
unknown values Xz and 6g must be determined. 


I=14.78 


T=14.78 


-0.60 Kips per Ft 
Wind Load 


Fie. 11.—ExamPte C 


Frame AB.—By the formulas in step (3): A = 6.85; 1, = 109.22; 1, = 473.6; 


and I,, = 128.55. With these values and other properties in Fig. 12(8), : 


Eqs. 2 yield: 
Vo ed Cor: Xoo Os unTact (— EZILES 
I, Iy.— (Izy)? 


_ C— Xs + On (4.23) (128.55) — Oz (25.56) (109.22) 
(109.22) (473.6) — (128.55)? 


= — 0.0637 02 — 0.00364 Xp. .(20a) | 


Ho Be ioe Xp t+ Opys) ly +(- 0p rp) Icy 
a Oy ag ph Tamim 


_ C= Xe t 4p (4.23) (473.6) — Op (25.56) (128.55) 
(109.22) (473.6) — (128.55)? 


= — 0.0363 62 — 0.01342 Xz. .(20b) 
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—@0;3  —OpB 


3 Mo = 7 = Gap = — 0-146 On...2- ee (20c) 
Therefore, 
e. Map = Mo — Ho (—7.77) + Vo (—4.44) = — 0.145 03 — 0.0881 Xp. .(21a) 
Maa = — Mo + Hp (4.23) — Vo (25.56) = 1.6204 05 + 0.0362 Xz... .(216) 
Hap = Ho = — 0.0363 O32 —~ 0.01342 XB We usaks tarp eaeaf haya (21c) 
Hapa = — Ao = 0.0363 0p + 0.01342 Xp.::......... (21d) 
5 Vap = Vo = — 0.0637 On — 0.00864 Xp..........., (21e) 
an 
Vea = — Vo = 0.0637 05 + 0.003864 Xp-.:.......-.-. (21f) 
B tee a 
+4.58 g 
Kips ° 
| aan ‘ 
‘| 
A +£0.70 Kips : 
Cc ‘ 
‘@ FIXED-END REACTIONS —0.70 Kips 


+y 


lsat oh +21.60! 


(5) ELASTIC PROPERTIES 
Fic. 12.—Srmp 1, Exampus C 


Column BC.—From Eggs. 36 in the Appendix (refer to Fig. 15), 


S Oe 


Maan (242°) (0. is 3 xs) = 0.415 0p — 0.1038 Xp.::..(22a) 


Mie 2 Bee (a joe Ls = 0.830 0 — 0.1038 Xz. . .(22b) 


and 


er. Has = — (Moo + Msc). — 0.1038 0s + 0.0173 Xz. .(22c) 


Frame BD.—By Eas. 2, the neutral point reactions in terms of the unknown 
joint rotation and deflection are 


Vo =U — 6p (—4.78) ] (—277.6) + On (—48.40) (501.77) 
(501.77) 5, 320.38) — (—277.6)? 
= — 0.0099 62 — 0.0001075 Xz. . (28a) 


/ 
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[Xp — On (—4.78)] (5,320.3) + On (—48.40) (—277.6) 
Ho'= (501.77) (6,320.3) — (—277.6)? 
— 0.01505 8p + 0.00206 Xp. . (23) 
and ; } 
pea Ang 8 Sali noe pele OL toe ee 23¢): 
Mo = g-25 = 0.1045 65 (23¢) 


Hence, by Eqs. 1, 
Msp = 12.3 + Mo — Ho (—4.78) + Vo (—48.40) 
= 12.3 + 0.6555 02 + 0.01506 Xz. . (24a) 


Mos = 560 — Me + Ho (—16.78) — Vo (21.60) 
= 56.6 — 0.1427 02 — 0.0322 Xz. . (240) 


Happ = 4.58 + Ho = 4.58 + 0.01505 02 + 0.00206 Xg......... (24c) ) 
Hopp = 9.82 — Ho = 9.82 — 0.01505 82 — 0.00206 Xg......... (24d) } 
Vep = 0.70 + Vo = 0.70 — 0.0099 02 — 0.0001075 Xze........ (24e) | 


and 
Vos = — 0.70 — Vo = — 0.70 + 0.0099 65 + 0.0001075 Xz... (24f) | 


The required simultaneous equations are 


> Mp = 12.3 + 3.1059 62 — 0.0525 Xp = 0..:........ (25a) 
and 

> He = 4.58 — 0.0524 0p + 0.03278 Xp = 0.......... (25b) 
Therefore, 0g = — 6.50 and Xz = — 149.5. Fig. 13 illustrates the final 


reactions on the component parts of the structure. 


— 0.26 Kips 


a 
— 15.96 FtKi < 
ite =2.25 Kips +4.17 Kips © 
i W 
seule higs +5.79 Ft-Kips +62.35 FtKips | 

A\ +2.25 Kips ; D 

—1.91 Kips +0.78 Kips +10.23 Kips 
+14.14 Ft-Kips +10.10 Ft-Kips / 


+0.96 Kips ik ; 0.78 Kine 
-0. ips 
+12.80 von +1.91 Kips 
—0.18 Kips 


Fia. 13.—Conciupine Steps, Sotution or EXAMPLE C | 


CoNcLUSION 


A method has been presented which is relatively convenient for analyzing 
continuous frames incorporating curved members. The extent of its applica- 
tion is dependent on the ability of the engineer to solve multiple simultaneous 
equations. Considerable accuracy is required if large numbers of equations - 
are involved. (The method of iteration, which is in reality a successive ap-— 
proximation procedure, is particularly convenient for solving multiple simul- 
taneous equations rapidly.) 
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Some of the features of the procedure may be summarized as follows: 


1. No restriction is placed on the applied loading .as long as it lies in the 
plane of the structure. 
_ 2. The equations automatically produce results which indicate the correct 
‘directions for the reactions. This feature is particularly convenient when using 
the equations to determine moment distribution constants. ; 
3. Several loading conditions may be analyzed without altering the form 
‘of the equations—the fixed-end reactions being treated as separate steps. 
4. When the structure is homogeneous, relative values of the moments of 
‘nertia and a modulus of elasticity equal to unity will suffice for all calculations. 
5. As with the usual slope deflection solutions, the results are self-checking. 
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APPENDIX 


The neutral point concept and the column analogy have been presented in 
“several forms in engineering literature. Few of the available references on the 
subject discuss the effects of distorting the position of the neutral point, which 
is of prime importance in this paper. Deflections and rotations at the joints 
of a structure produce a considerable change in the reactions. This Appendix 
is concerned with the values added to or subtracted from the fixed-end reactions 
_ of a structure by changes in the relative position of the supports. 
Let point 1, Fig. 14(a) move parallel to the «—-a reference axis a distance 
_ Xo relative to point 2. Deflections to the right are positive. No joint rotation 
_ or vertical deflection is permitted. Then, from Fig. 14(a), 


Fig. 14(0) illustrates the case in which point 1 deflects a vertical distance 
Yo relative to point 2, joint rotations and horizontal deflections being prevented. 
Considering deflections in the vertically upward direction as positive, 


The final group of separate deflection studies is illustrated by Fig. 14(c), in 
which point 1 is rotated through the angle 4 relative to point 2. Clockwise, 
‘rotations are positive. From Fig. 14(c), 


6 =a—B=4 — 4% Sg ehaco te lectulat ener atic: 144 oath amlie "eye (28a). 
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Xo. — Ory Peyattin cee nee (285) ) 


Fie. 14.—Dertivation or Stopz DeF.LEcTION Equations 


By combining Eqs. 26 through 28, the following general expressions are ob- 
tained: } 


0 => 6; cs 65 a jo Wetah sual & Mentone Bishates pete e eee (29a) B 
Xo = X1 — X2 — Or yi + Ooys...... 0... cindeeot at a (29) 
and 
Yo = Y, —= Y. + 0; ti 6 OS cists aly cha ach eee nea (29c) 


If the joints of a structure are not rigidly held in position while the structure. 
is subjected to loading, the axial and shear strain energies can. be neglected — 


It then follows that 


xX mau: "(Mo + Vox — Hoy) (— y) ds 
4h 0, EI 
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without incorporating a significant error. The bending strain energy produced 
_by gradually applied forces is expressed as U and equals 


in which M is the bending moment at any point in the structure. Fig. 14(d) 


shows that the moment at any point (x,y) is equal to 


M= My + Vox — Hoy: Rites Uuar cP akat eastacis~ let on fells yen aie (31) 


The neutral point forces are positive as shown. Hence, 


"(Mo + Vox =< Ho y)? ds 


U= PRT ee a aes 


~~ VE (vu gy) + oE(v gz) 
ES Cul Foun (aeay 


_ 9U _ [Mo + Vox — Hoy) (2) ds 
rand Weak, TO Ge INR ae 
d 
= voX(2 #) - my E(2v $F) = Voly — Hol zy: . (330) 


| and 


a ae Mo ie = Mo A. .(33e) 


About any pair of centroidal axes the terms E(y Ei a ve — are 


equal to zero. In cases where the reference axes coincide with the eas 


Also, from Eq. 33c, 


a) Fa Pee 


axes, the term >> (< y ay is also equal to zero. 
Solving Eq. 33a and Eq. 33d simultaneously, 


Xo Deg ate Yo is (34a) 


Vo= Poe Ise ae a ee 


and : an 
t3 Xo ¥ aia OfLzy | 345 
Ho = op (34B) 
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Eqs. 1 through 4 in the paper incorporate Eqs. 34 into expressions for the 
reactions on a deformed structure. The general equations reduce to simple» 
formulas when applied to a straight member with a constant moment of inertia } 
if the member is parallel to one of the reference axes. In Fig. 15(a) a horizontal | 
straight member that was initially fixed at the ends, 


M, 


V, (a) 


I oF. 3Y 
My = Mrs +28 (1) (240,804 ie jetigme (35a) 
ie I 3 Y 3Y 
M, = Mes +20(7) (2040, — mor a se aes (35b) 
of M:+M.,—>M 
Vi = Vre ( : + =) ols oe wl alley 6 aypetenels (35c) 
and 
M,+M,.—>M 
V2 = Vrz + (So aes) SS Peale (35d) 
In Fig. 15(6), a vertical straight member that was initially fixed at the ends, 
iy I 3X 3X 
Mi= Mre+22(T) (20 +04 Te SE eaitnare (36a) 
eh iy 3X 3X : 
M; Men +28(1) (20,404 Hs _ 3%) wiaeue (36b) 
Hie Hanh (at Me Ere ) Gl aaa (36c). 
and 
3 M,+'M,.—->M 
H, = Hrz — (A ee) tet ee weer ween (36d) 
In Fig. 16(a), a vertical straight member with its upper end pinned, 
c I xX 
Mi = Mrs +38 (4) (0, +22). os Shar see ae (37a) 


——y aw 
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Hee os 1 oh See (37) 
and 
H,= Hrz — (25 Me | ale eielaete: wm otaia ers <fvile (37c) 


in Fig. 16(b), a vertical straight member with its lower end pinned, 


2 
5 


©1 = Constant & 


HH, 
M; : 
(2) (b) 
ie. 16.—Equations For VERTICAL STRAIGHT MEMBERS WITH ONE END PINNED 
I x 
M; = Mrs +32(7) (0. - 2). Aer oS eo (38a) 
HA, = Hrz — ( au) RUSTE ema one UN (38d) 
and 
M.—M 
Be ee (es | CM CU tees yO a AS (38c) 


Tn Fig. 17(a), a horizontal straight member with its left end pinned, 


(a) (0) 


My = Men +38 (L)(0+ 22)... NaN AAR ay (39a) 
V2 = Vre+ & sie) iri Wire 2 aks (39b) 

and 
Vial Vere (225M) Clase tan, ea fate (9c) 


and, in Fig. 17(b), a horizontal straight member with its right end pinned, 


M, = Mes + 32(7) (0. - 2) ae Pa ae (40a) 
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ee 
Vievise (M5 Ms) Na ee aaa (406) 
and 
Vom Vow (Mia Mee) ot ia Ban .. . .(40¢): 


For an inclined straight member, the expression, E(y > (2 -— 


2 
— [= (: y fe) | , is often a very small quantity. The equations illustrate 


in Fig. 15 can be modified to provide the equations for the reactions on such a 
member. Fig. 18 illustrates two possible cases. The angle ¢ is measured fro! 


(a) SIN ¢=— AND COS g=+ (6) SIN ¢=+ AND COS ¢=+ 
Fig. 18.—Inciinep StraAicgHT MEMBERS 


the horizontal reference axis to the major principal axis. The clockwise’ 


direction is positive. Hence, i 
: X= cos d fyi.) alka sg ee (414) 

Y = sinibiss sale eee ee eiis Sere (41b) 

and é 
xX Y a 

d= me ee Pg On ee (41¢) 


The deflection terms d; and d; replace the terms Yi, Y2, X1, and X2 in Eqs. 35 
and 36. For example, Eq. 36a can be modified as follows: 


ss q, 3d, 3dz A 
I SX yy ee ee 

= M 2 =. a 2 Pe eee 
: re + 2(T\(20.+64 pe px,)..49 
/ 7 


7 


